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Abstract
Let T (n,m) and F(n,m) denote the classes of weighted trees and forests,
respectively, of order n with the positive integral weights and the fixed total
weight summ, respectively. In this paper, we determine the minimum energies
for both the classes T (n,m) and F(n,m). We also determine the maximum
energy for the class F(n,m). In all cases, we characterize the weighted graphs
whose energies reach these extremal values. We also solve the similar maxi-
mum energy and minimum energy problems for the classes of (0,1) weighted
trees and forests.
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1 Introduction
We consider trees and forests on n vertices in which each edge is assigned a positive
integral weight. Such weighted graphs can be regarded as graphs with multiple
edges, or multitrees and multiforests. We assume that the sum of the weights is
equal to a specified integer m, that is, the total number of edges in the multigraph
equals m. We let T (n,m) denote the collection of such multitrees on n vertices with
total number of edges equal to m. The set of multiforests on n vertices with total
number of edges equal to m is similarly denoted by F(n,m).
In general, the energy of a multigraph G on n vertices is defined to be
E(G) =
n∑
i=1
|λi|
where λ1, λ2, . . . , λn are the n (real) eigenvalues of the (nonnegative, integral, sym-
metric) adjacency matrix A of G. Note that, since A has only zeros on its main
diagonal, the trace of A equals 0 and hence tr(A) =
∑n
i=1 λi = 0. More information
on graph eigenvalues can be found in [2, 3].
Let
E(n,m) = max{E(T ) : T ∈ T (n,m)}
be the maximum energy of a tree in T (n,m), and let
E˜(n,m) = min{E(T ) : T ∈ T (n,m)}
be the minimum energy of a tree in T (n,m).
We also use the similar notations EF (n,m) and E˜F (n,m) for the class F(n,m)
of multiforests.
We consider the following problems concerning the extremal energies of positive
integral weighted trees and forests.
(1) For a given m, determine E(n,m) and the trees in T (n,m) with this maximum
energy. Similar problems can be considered for the class F(n,m) of weighted
forests.
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(2) For a given m, determine E˜(n,m) and the trees in T (n,m) with this minimum
energy. Similar problems can be considered for the class F(n,m) of weighted
forests.
We also consider some subclasses of T (n,m) or F(n,m). For example, we can
fix the graph T , or fix the weight sequence (in the sense of non-increasing order),
or fix both the graph and the weight sequence but the distribution of these weights
on the edges can vary. In each of the subclasses, we can consider the corresponding
maximum energy problem and the minimum energy problem.
In this paper, we solve the minimum energy problems for both the classes T (n,m)
and F(n,m). We also solve the maximum energy problem for the class F(n,m) of
weighted forests. In all these results, we obtain both the extremal values (of the
energies) and the characterizations of the weighted graphs whose energies reach these
extremal values. We also solve the similar extremal problems for (0,1) weighted trees
and forests. In addition, for m ≥ n we determine the unique tree in T (n,m) with
maximum energy for the weight sequence (m− n+ 2, 1, . . . , 1).
Let G be a weighted tree on n vertices. Then its characteristic polynomial can
be written as:
φ(G, x) =
⌊n/2⌋∑
k=0
(−1)kbk(G)xn−2k (1)
where bk(G) ≥ 0 for all k. Here bk(G) is the sum, over all matchings of G of k
edges, of the products of the squares of the weights of the edges of the matching.
From the Coulson integral formula for the energy of graphs [1, 5, ?, 6], we
conclude that if G is a weighted bipartite graph with the characteristic polynomial
as in (1), then:
E(G) =
2
pi
+∞∫
0
1
x2
ln
⌊n/2⌋∑
k=0
bk(G)x
2k
 dx. (2)
Formula (2) holds for both simple and weighted bipartite graphs.
It follows that for a weighted bipartite graph G, E(G) is a strictly monotonically
increasing function of the numbers bk(G) (k = 0, 1, · · · , ⌊n2 ⌋). Thus, for instance,
among all trees on n vertices (weights of all edges equal to 1), the starK1,n−1 uniquely
attains the minimum energy and the path Pn uniquely attains the maximum energy
(see [5]).
In general, we can define a quasi-ordering relation “” for weighted bipartite
graphs as follows.
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Let G1 and G2 be two weighted bipartite graphs of order n. If bk(G1) ≤ bk(G2)
for all k with 1 ≤ k ≤ ⌊n
2
⌋, then we write G1  G2. (Note that b0(G) = 1 for all
weighted bipartite graphs G.) Furthermore, if G1  G2 and there exists at least one
index j such that bj(G1) < bj(G2), then we write G1 ≺ G2. If bk(G1) = bk(G2) for
all k, we write G1 ≈ G2. That there are nonisomorphic weighted bipartite graphs
G1 and G2 with G1 ≈ G2 implies that “” is not a partial order, in general, but a
quasi-partial order.
From the Coulson integral formula (2), we obtain the important fact:
If G1 and G2 are two weighted bipartite graphs of order n, then G1  G2 implies
that E(G1) ≤ E(G2) and G1 ≺ G2 implies that E(G1) < E(G2).
We make use of this fact throughout this paper. For more background on graph
energy we refer the reader to [5].
2 The Minimum Energy Problems for multitrees
and multiforests
In this section, we give the solutions of the minimum energy problems for both the
classes T (n,m) and F(n,m).
Lemma 1 Let G be a weighted tree. Then we have
b1(G) =
∑
e∈E(G)
w(e)2
where w(e) denotes the weight of edge e.
Proof. Let λ1, · · · , λn be the eigenvalues of G, and let A(G) be the (weighted)
adjacency matrix of G. Then from (1) we have
b1(G) = −
∑
1≤i<j≤n
λiλj = −1
2
( n∑
j=1
λj
)2
−
n∑
j=1
λ2j
 = 1
2
n∑
j=1
λ2j
=
1
2
tr(A(G)2) =
1
2
n∑
i=1
n∑
j=1
a2ij =
∑
e∈E(G)
w(e)2.

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Let k ≤ m be a positive integer, and r = ⌊m/k⌋. A set of k positive integers
a1, a2, · · · , ak with sum m is as equal as possible provided that ai equals either r or
r + 1 for each i = 1, 2, · · · , k. A star K1,p is a tree of order p + 1 with one vertex
joined to all other vertices.
Using Lemma 1 we can obtain the following result.
Theorem 2 Let S be the weighted star in T (n,m) whose weights are as equal as
possible, and T be any weighted tree in T (n,m) with T 6= S (as weighted graphs).
Then we have S ≺ T and hence E(S) < E(T ).
Proof. First, we always have b0(S) = b0(T ) = 1. Also it is easy to see that the
rank of the weighted adjacency matrix A(S) of S is 2. So (n− 2) of the eigenvalues
of S equal zero, and thus bk(S) = 0 ≤ bk(T ) for all k ≥ 2. We show that either
b1(S) < b1(T ) or, when b1(S) = b1(T ), that b2(T ) > 0. This will then prove the
theorem.
Since T 6= S (as weighted graphs), T is either not a star or is not as equally as
possible weighted. Let the weight sequences of S and T be, respectively,
(s1, s2, . . . , sn−1) and (t1, t2, . . . , tn−1).
We consider the following two cases.
Case 1: T is not weighted as equal as possible.
In this case we show that b1(S) < b1(T ), that is, by Lemma 1,
n−1∑
i=1
s2i <
n−1∑
i=1
t2i . (3)
Let Jn−1 equal the matrix of order n − 1 with all entries one. For arbitrary real
numbers x1, x2, . . . , xn−1 summing to m, we have:∑
1≤i<j≤n−1
(xi − xj)2 = (x1, x2, . . . , xn−1)((n− 1)In−1 − Jn−1)(x1, x2, . . . , xn−1)t
= (n− 1)(x21 + x22 + · · ·+ x2n−1)− (x1 + x2 + · · ·+ xn−1)2
= (n− 1)(x21 + x22 · · ·+ x2n−1)−m2.
Since ∑
1≤i<j≤n−1
(si − sj)2 <
∑
1≤i<j≤n−1
(ti − tj)2,
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this implies that
b1(S) =
n−1∑
i=1
s2i <
n−1∑
i=1
t2i = b1(T )
that is, (3) holds, and so we have S ≺ T .
Case 2: T is weighted as equal as possible. Since T 6= S as weighted trees, T is
not a star.
In this case we have
b1(S) =
n−1∑
i=1
s2i =
n−1∑
i=1
t2i = b1(T ).
Since T is not a star, it contains at least one 2-matching. Hence b2(T ) > 0. Thus
we also have S ≺ T in this case. 
The following theorem determines the minimum energy of the class T (n,m) and
the unique weighted tree in this class attaining this minimum energy.
Theorem 3 Let m = r(n−1)+ t, where r = ⌊m/(n−1)⌋ and 0 ≤ t ≤ n−2. Then
we have:
(a) The multitree S = K1,n−1 ∈ T (n,m) whose weights are as equal as possible is
the unique multitree in T (n,m) with minimum energy.
(b) The value of the minimum energy in T (n,m) is E(S) = 2√mr + tr + t.
Proof. The assertion (a) follows directly from Theorem 2. From Lemma 1 we
see that
b1(S) =
∑
e∈E(S)
w(e)2 = (n− 1− t)r2 + t(r + 1)2 = (n− 1)r2 + 2tr + t = mr + tr + t.
On the other hand, the characteristic polynomial of S is:
φ(S, x) = xn − b1(S)xn−2.
So we have E(S) = 2
√
b1(S) = 2
√
mr + tr + t. 
If G is a (weighted) graph with connected components G1, G2, . . . , Gl, then we
write G = (G1, G2, . . . , Gl) with the order of the graphs being arbitrary.
The following theorem determines the minimum energy of the class F(n,m) and
the unique weighted forest in this class attaining this minimum energy.
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Theorem 4 Let n,m be positive integers. Then we have:
(a) If m ≤ n− 2, then the weighted forest F = (K1,m, K1, · · · , K1) ∈ F(n,m) whose
edges all have weight one is the unique minimum energy graph in F(n,m). In this
case, the value of the minimum energy is E(F ) = 2
√
m.
(b) If m ≥ n−1, then the unique minimum energy weighted tree S in T (n,m) given
in Theorem 3 is also the unique minimum energy weighted forest in F(n,m).
Proof. First we prove assertion (a). We have b1(F ) = m and bi(F ) = 0 for i ≥ 2.
Let H ∈ F(n,m) with H 6= F . Then
b1(H) =
∑
e∈E(H)
w(e)2 ≥
∑
e∈E(H)
w(e) = m = b1(F )
with equality if and only if the weights of all edges of H are one. So if the weight
of some edge of H is not one, then we have b1(H) > b1(F ), and thus F ≺ H and
E(F ) < E(H).
On the other hand, if the weight of every edge of H is one, then H is a forest of
order n with m edges. If H 6= F , then these m edges of H do not form a star, and
so b2(H) > 0 = b2(F ). Thus we also have F ≺ H and E(F ) < E(H).
For (b), let H ∈ F(n,m) with H 6= S. If the weight sequence of H is not the
same as that of S, then similarly as in the proof of Theorem 2, we can show that
b1(S) < b1(H). Thus S ≺ H and E(S) < E(H).
If the weight sequence of H is the same as that of S, then H is a tree, and the
result now follows from Theorem 2. 
The following theorem shows that, if we consider the subclass of T (n,m) where
the weight sequence is fixed, then the star is still the unique minimum energy graph.
Theorem 5 Let T ∈ T (n,m) with T not equal to the star K1,n−1. Let S = K1,n−1 ∈
T (n,m) whose weight sequence is the same as for T . Then S ≺ T and thus E(S) <
E(T ).
Proof. We have b0(S) = b0(T ) = 1, and b1(S) = b1(T ) by Lemma 1, since S
and T have the same weight sequence. Also by the same reason as in the proof of
Theorem 2, we have bk(S) = 0 ≤ bk(T ) for all k ≥ 2, and b2(T ) > 0 since T is not a
star. So again we have S ≺ T . 
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3 Some Results and Examples for the Maximum
Energy Problems
We first consider the maximum energy EF (n,m) over the class F(n,m) of weighted
forests and characterize those weighted forests in this class whose energy attains this
maximum value.
Theorem 6 A weighted forest F in F(n,m) has the maximum energy in F(n,m)
if and only if each connected component of F is K1 (a single vertex) or K2 (two
vertices joined by an edge), and in this case E(F ) = 2m.
Proof. It is straightforward to check that if each component of F is K1 or K2,
then E(F ) = 2m, independent of how the weights are distributed on the edges of F
(even if the weights are general positive real numbers).
On the other hand, if some component of F is not K1 or K2, then from [8] we
know that E(F ) < 2m for all positively weighted forests of order n with total weight
sum m. Thus E(F ) < 2m also holds for this integral weighted forest F ∈ F(n,m).
This prove the desired result. 
Lemma 7 Let a = (a1, a2, · · · , an−1) = (m−n+2, 1, · · · , 1) and b = (b1, b2, · · · , bn−1)
be non-increasing positive integral vectors of dimension n − 1, with ∑n−1i=1 ai =∑n−1
i=1 bi = m and a 6= b. Then we have
∑n−1
i=1 a
2
i >
∑n−1
i=1 b
2
i .
Proof. Since a 6= b, we have m− n + 2 > b1 ≥ b2 ≥ 2. Let c = (c1, c2, · · · , cn−1)
with c1 = b1 + 1, c2 = b2 − 1 and ci = bi for all i ≥ 2. Then we have
∑n−1
i=1 ci = m
and
∑n−1
i=1 c
2
i >
∑n−1
i=1 b
2
i . This implies that
∑n−1
i=1 b
2
i does not reach the maximum
among all the positive integral vectors b 6= a of dimension n − 1 the sum of whose
coordinates equals m. So the corresponding maximum can only be reached by the
vector a, and thus
∑n−1
i=1 a
2
i >
∑n−1
i=1 b
2
i . 
Using Lemma 7, we can obtain the maximum energy graph in the subclass of
T (n,m) where the underlying (unweighted) graph is fixed to be the star.
Theorem 8 The weighted star S∗ = K1,n−1 ∈ T (n,m) with the weight sequence
a = (a1, a2, · · · , an−1) = (m−n+2, 1, · · · , 1) is the unique weighted star in T (n,m)
with maximum energy among all the weighted stars in T (n,m), and its energy is
E(S∗) = 2
√
(m− n+ 2)2 + n− 2.
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Proof. Let T ∈ T (n,m) be a weighted star whose weight sequence is given by
b = (b1, b2, · · · , bn−1) different from the weight sequence a of S∗. From Lemma 7,
we have
b1(S
∗) =
n−1∑
i=1
a2i >
n−1∑
i=1
b2i = b1(T )
On the other hand, we also have bi(S
∗) = bi(T ) = 0 for i ≥ 2. So we have T ≺ S∗
and hence E(T ) < E(S∗). Finally, we have
E(S∗) = 2
√
b1(S∗) = 2
√√√√n−1∑
i=1
a2i = 2
√
(m− n+ 2)2 + n− 2
. 
The maximum energy over the class T (n,m) of weighted trees on n vertices
with total weight m appears to be very difficult, even if we restrict ourselves to the
weighted paths in T (n,m).
Example 9 Let T ∈ T (4, m) be the weighted path P4 of order 4 where the weights
of its three edges are a, b, c with a + b + c = m and the edge with weight b is the
middle edge of P4. Then a simple computation yields
φ(T, x) = x4 − (a2 + b2 + c2)x2 + a2c2.
Let y1 and y2 be the roots of the quadratic equation
y2 − (a2 + b2 + c2)y + a2c2 = 0.
Then the eigenvalues of T are ±√y1 and ±√y2. Thus
E(T ) = 2(
√
y1 +
√
y2)
implying that
E(T )2
4
= y1 + y2 + 2
√
y1y2 = a
2 + b2 + c2 + 2ac.
Hence
E(T ) = 2
√
(a+ c)2 + b2 = 2
√
(m− b)2 + b2. (4)
(Thus in the case n = 4, the energy does not depend on the individual values of a
and c.) In the interval 1 ≤ b ≤ m − 2, the function in (4) reaches the maximum
when b = 1, and so the maximum energy equals 2
√
(m− 1)2 + 1 and is attained for
all positive integral weight sequences a, b, c where a ≥ 1, b = 1, c = m− 1− a.
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In contrast, we offer the following conjecture.
Conjecture 10 Let n ≥ 5 and let m ≥ n. The path in T (n,m) with weight sequence
(m− n+ 2, 1, . . . , 1) where the weight of one of the pendent edges equals m− n+ 2
is the unique tree in T (n,m) with maximum energy.
If we restrict ourselves to the weighted trees in T (n,m), then the conclusion of
the conjecture holds, as we now show. Let P ∗n be the weighted path Pn in T (n,m)
whose edges have weights a, 1, . . . , 1 where a = m−n+2 is the weight of a pendent
edge of Pn.
Theorem 11 Let n ≥ 3, letm ≥ n, and let a = m−n+2 ≥ 2. Let T (n,m; a, 1, . . . , 1)
be the set of all trees in T (n,m) with weight sequence (a, 1, · · · , 1). Then for all
T ∈ T (n,m; a, 1, . . . , 1) with T 6= P ∗n , we have T ≺ P ∗n .
Proof. Let T ∈ T (n,m; a, 1, . . . , 1) with T 6= P ∗n ,. We prove that T ≺ P ∗n by
induction on n. If n = 3, then the result is obviously true since there is only one
graph in the set T (3, m; a, 1, · · · , 1). If n = 4, then the underlying unweighted graph
of T is either the star K1,3 or the path P4. In the former case, the result follows
from Theorem 5. In the latter case, the result follows from Example 9..
Now we assume that n ≥ 5. Since T contains at least two pendent edges, there
exists a pendent edge uv, where v is a pendent vertex, having weight 1. Then we
have
bk(T ) = bk(T − v) + bk−1(T − v − u) (k ≥ 1)
By the induction assumption, we have
T − v  P ∗n−1. (5)
Now we show that
T − v − u  P ∗n−2. (6)
If T − v−u is connected, then (6) holds by induction: if T − v−u does not contain
an edge of weight a, we can change the weight of one edge from 1 to a, and then use
the induction assumption. If T − v − u is not connected, we can add some edges to
T − v − u to reduce the proof to the connected case. Thus (6) holds in both cases.
Finally, we show that at least one of the two quasi-order relations (5) and (6) is
strict.
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Let Qn be the tree of order n obtained from Pn−1 by adding a new pendent edge
at a quasi-pendent vertex of Pn−1 (here a quasi-pendent vertex is vertex adjacent to
some pendent vertex). Since n ≥ 5, Qn contains a unique pendent edge α which is
not adjacent to any other pendent edge of Qn. Let Q
∗
n be the weighted tree obtained
from Qn by assigning weight a to α and weights 1 to all other edges.
If T 6= Q∗n, then since T 6= P ∗n , there exists at least one pendent edge uv (with
pendent vertex v) of T with weight 1 such that T−v 6= P ∗n−1. If we take this pendent
edge uv, then the quasi-order relation (5) is strict by induction.
If T = Q∗n, then T − v − u is not connected. So in this case the quasi-order
relation (6) is strict.
This proves that at least one of the two quasi-order relations (5) and (6) is strict.
Thus we have T ≺ P ∗n completing the inductive proof of the theorem. 
Corollary 12 Let n ≥ 4, let m ≥ n, and let a = m− n+2 ≥ 2. The weighted path
P ∗n is the unique weighted tree in T (n,m; a, 1, . . . , 1) with maximum energy.
4 The Case of (0, 1) Weights
In this section we assume that the weights are 0 and 1 with m 1s and (n− 1−m)
0s. In this case, T (n,m) is the set Fkn of forests with n vertices and k = n−m ≥ 1
connected components (trees). We will determine the (unique) forest in Fkn with
minimum energy and the (unique) forest with maximum energy.
The following lemma is due to Gutman [4].
Lemma 13 The energy of the star Sn = K1,n−1 equals 2
√
n− 1, and Sn is the
unique tree of minimum energy among all trees with n vertices.
The following lemma contains an elementary inequality.
Lemma 14 Let a1, a2, . . . , ak be nonnegative real numbers. Then
√
a1 +
√
a2 + · · ·+√ak ≥
√
a1 + a2 + · · ·+ ak,
with equality if and only if at most one of a1, a2, . . . , ak is nonzero.
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Theorem 15 The forest F kn = (K1,n−k, K1, . . . , K1) with (k− 1) isolated vertices is
the unique forest in Fkn with minimum energy 2
√
n− k.
Proof. Let T1, T2, . . . , Tk be the connected components of a forest F ∈ Fkn where
Ti has order ni (i = 1, 2, . . . , k). Then
E(F ) =
k∑
i=1
E(Ti) ≥
k∑
i=1
E(Sni) (by Lemma 13)
= 2
k∑
i=1
√
ni − 1
≥ 2
√√√√ k∑
i=1
(ni − 1) (by Lemma 14)
= 2
√
n− k
= E(F kn ).
By Lemmas 13 and 14, E(F ) = E(F kn ) if and only if F = F
k
n . 
We now consider the maximum energy of forests in Fkn . It turns out there are
two cases to consider according to whether 2k is larger or smaller than n. In both
cases we identify the forest with maximum energy.
Denoting again a path with n verticses by Pn. we have the following lemma
proved in [7].
Lemma 16 For n ≥ 3,
Pk ∪ Pn−k ≺ P2 ∪ Pn−2 (k 6= 2, n− 2).
Theorem 17 If 2k ≥ n, the forest Mkn = (P2, . . . , P2, K1, . . . , K1) ∈ Fkn , where P2
occurs (n− k) times and K1 occurs (2k − n) times, is the unique forest in Fkn with
maximum energy, and its energy is 2(n− k).
Proof. It is easy to see that E(Mkn) = 2(n− k). On the other hand, if F ∈ Fkn is
not Mkn , then from [8] we know that E(F ) < 2(n−k) since F contains (n−k) edges
(we can view that each edge has weight one). This prove the desired result. 
Theorem 18 If 2k < n, the forest P kn = (P2, . . . , P2, Pn−2k+2) ∈ Fkn , where P2
occurs (k − 1) times, is the unique forest in Fkn with maximum energy.
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Proof. Let T1, T2, . . . , Tk be the connected components of a forest F ∈ Fkn where
Ti has order ni (i = 1, 2, . . . , k). Suppose e.g. neither T1 nor T2 equals P2. Since
a path is the unique graph with maximum energy among all trees with the same
number of vertices, and using Lemma 16 we get
(T1, T2)  (Pn1 , Pn2)  (P2, Pn1+n2−2)
with at least one of  equal to ≺. Thus, we may replace T1 and T2 in F with P2
and Pn1+n2−2 and obtain a forest in Fkn with larger energy. Hence F is not a forest
of maximum energy in Fkn . It follows that a forest in Fkn with maximum energy has
(k − 1) components equal to P2. 
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